ABSTRACT Multicarrier faster-than-Nyquist (MFTN) signaling is a spectral efficient modulation scheme for future communication systems. In MFTN signaling, the intersymbol interference (ISI) and intercarrier interference (ICI) are introduced intentionally by the time interval packing between adjacent symbols and frequency spacing packing between adjacent subcarriers. It is known that for multicarrier transmission over ISI and ICI channel, conventional rectangular lattice is not the optimal lattice structure. In this paper, the optimal hexagonal lattice-based MFTN signaling scheme is proposed. By appropriate staggering for conventional rectangular lattice, it is shown that the minimum Euclidean distance (or 2-DMazo limit) performance can be improved than conventional rectangular lattice-based MFTN signaling scheme. Moreover, a simple symbol-by-symbol receiver coupled with successive soft interference cancellation has been employed to recover the MFTN signals. Numerical results demonstrate that the hexagonal MFTN owns better bit error rate performance than conventional rectangular MFTN signaling scheme.
I. INTRODUCTION
For signal transmission under limit time and/or frequency resources, the spectral efficient can be substantially improved by time interval packing between adjacent symbols and frequency spacing packing between adjacent subcarriers, i.e. multicarrier faster-than-Nyquist (MFTN) signaling [1] , [2] . By intentionally introduced intersymbol interference (ISI) and intercarrier interference (ICI), it has been shown that the spectral efficiency of MFTN signaling could be improved as much as 100% than conventional Nyquist multicarrier transmission systems such as orthogonal frequency division multiplexing (OFDM) or filter bank multicarrier (FBMC). Recently, the MFTN technique has been regarded as one of the candidate waveforms for next generation (5G) mobile communication systems [3] , [5] . Moreover, it also attracts interest in future broadband broadcasting and satellite communication systems [6] , [7] .
Although the concept of single carrier FTN has been proposed long before in 1975 by Mazo [8] , it attracts wide interest only in recent years due to the development of modern equalization and detection techniques, such as the iterate turbo equalization [9] . Due to the ever maturity of single carrier FTN, the concept of FTN has been firstly extended to frequency domain in 2005 [10] , [11] , and it was shown that the spectral efficiency of MFTN could be further improved than the single carrier case [12] , [13] .
Up to now, the related works about MFTN mainly based on the rectangular lattice structure. It is known that the multicarrier signaling can be regarded as tiling of the time-frequency plane [15] , and the system performance will be mainly determined by two factors, i.e. the time-frequency localization for the adopted shaping pulse and distance between the signals in the lattice points [15] , [16] . Traditional multicarrier transmission systems mainly rely on joint optimization of the shaping pulse (such as the time-frequency distribution of Gaussian pulse) and underlying lattice parameters, so that the ISI and ICI introduced by time-frequency dispersive channel can be minimized. However, for MFTN signaling, it generally interested in the Euclidean distance (or BER performance) or the spectral efficiency performance under given time and bandwidth (or under given shaping pulse), hence, different from traditional multicarrier transmission systems, the lattice optimizing would be the viable way to further improve the system performance.
In the pioneer works about MFTN in [12] , [13] , the authors adopted a pulse delay between the odd and even signal components, and it was shown that when employed with appropriate pulse delay, the minimum Euclidean distance could be improved than traditional rectangular lattice-based MFTN signaling system. Furthermore, a double signalingbased MFTN signaling scheme has been investigated in [14] . By incorporating two independent rectangular sub-lattices and with appropriate staggering as well as power allocation between them, the spectral efficiency could be substantially improved than conventional rectangular lattice-based MFTN signaling scheme. In fact, according to the sphere-packing theory, the hexagonal lattice is the optimal lattice for multicarrier transmission system under given time and frequency resources and it provides the optimal protection against ISI and ICI due to the increased distance between adjacent lattice points [15] , [16] .
Although the potential advantages of lattice staggered MFTN have been mentioned before, to the best of our knowledge, no comprehensive investigation has ever been conducted yet. In this paper, we consider two typical hexagonal lattices for MFTN signaling system. The first one is based on the traditional orthogonal multicarrier transmission system over ISI and ICI channel and we will call it HMFTN-I throughout the following parts of this paper. The second one is originated from the nonorthogonal multicarrier transmission system, and we will call it HMFTN-II. We point out that different from the pulse delayed MFTN or MFTN with double signaling, our HMFTN-I adopts the optimal pulse delay and HMFTN-II is mainly based on the equal power allocation for two independent sublattices. Moreover, to validate the practical performance of different MFTN signaling schemes, the two dimensional Mazo limit, i.e. above which the minimum Euclidean distance can be kept constant, has been analyzed. Furthermore, to recover the MFTN signals effectively, a low complexity symbol-by-symbol receiver has been considered in this paper. Our numerical results demonstrate that the hexagonal MFTN owns better minimum Euclidean distance and bit error rate (BER) performance than traditional rectangular lattice-based MFTN signaling scheme. This paper is organized as follows. In Section II, the system model of MFTN is introduced briefly. The two kinds of optimal hexagonal lattice are presented in Section III, and following which, the Euclidean distance analysis of hexagonal MFTN is derived in Section IV. Section V describes the low complexity receiver, and the numerical results are presented in Section VI. Finally, the conclusion is summarized in Section VII. Fig. 1 shows the MFTN signals in rectangular time-frequency lattice. Without loss of generality, let us consider a baseband MFTN signaling system based on quadrature phase shift keying (QPSK) with K subcarriers, the modulated uncorrelated and identical distributed information symbol a l,k is passed through the shaping pulse g(t), the transmitted linear 
II. SYSTEM MODEL
where the pulse g(t) with length LT 0 is assumed to be an unit-energy real baseband pulse, i.e. are data values over the 4-ary alphabet and l is the time index and k is the subcarrier index, respectively. In traditional multicarrier system, g(t) is a T 0 -orthogonal pulse, i.e. ∞ −∞ g(t − lT 0 )g(t − mT 0 )dt = 0, l = m, and T 0 is the Nyquist symbol interval, F 0 = 1/T 0 is the minimum orthogonal frequency spacing. In MFTN signaling, the packed time interval is τ T 0 ≤ T 0 , and the packed frequency interval is υF 0 ≤ F 0 , i.e. τ, υ ∈ (0, 1], and τ is the time packing factor, υ is the frequency packing factor, respectively. When τ · υ = 1, it will be the classical Nyquist orthogonal multicarrier transmission system, while for τ · υ < 1, the shaping pulse and its time-frequency shifted versions g(t − lτ T 0 )e j2πkυF 0 t will not be orthogonal any more to each other. Hence, ISI and/or ICI is introduced, and although higher signaling efficiency may be achieved by reducing τ and/or υ, the introduced ISI and ICI will be more serious as a result.
Under the assumption of additive white Gaussian noise (AWGN) channel, the continuous-time received signal is
where w(t) is the complex white noise with variance N 0 , i.e.
At the receiver, a filter matched to the time-frequency shifted replicas of the based pulse is employed, and the output of the k-th matched-filter after sampling with time interval VOLUME 5, 2017 FIGURE 2. Attenuation of the ambiguity function A g (mτ T 0 , nυF 0 ) with respect to the time and frequency indexes. In this figure, τ T 0 = 0.5, υF 0 = 1 has been employed.
τ T 0 and frequency interval υF 0 is
By joining (1) and (3), we have
where
e −j2πυF 0 t dt is the so called ambiguity function [16] , and the noise n l,k = ∞ −∞ w(t)g(t − lτ T 0 )e −j2πυkF 0 t dt is said to be colored and Fig. 2 shows the attenuation of the ambiguity function A g (τ T 0 , υF 0 ) in the time and frequency directions, and which directly relates to the strength of ISI and ICI among MFTN signals. It is seen that due to the time-frequency packing, the adjacent symbols will interfere with each other, and which as a result, worsen the system performance.
III. HEXAGONAL MFTN
The hexagonal lattice generally relies on time and/or frequency staggering for the signals in conventional rectangular lattice. Assume the signaling efficiency of conventional rectangular MFTN system is ρ = 1/(τ T 0 υF 0 ), then, the first kind of hexagonal MFTN, i.e. HMFTN-I as shown in Fig. 3(a) , which is widely considered in the optimal pulse shaped multicarrier transmission system over ISI and ICI channel and has the same signaling efficiency as that of the rectangular lattice [15] . The transmission signal therefore can be expressed as
where mod(a, b) denotes a modulo b.
The second kind of hexagonal lattice is originated from the non-orthogonal multicarrier transmission system over ISI and ICI channel [16] , and the transmitted signal is given by 
where a 1 l,k and a 2 l,k are the information symbols coming from two independent rectangular sub-lattices with equal power allocation and appropriate staggering. The time-frequency lattice of HMFTN-II is shown in Fig. 3(b) . As we can see from Fig. 3 that for HMFTN-I , the distance between adjacent signal points is obviously increased than the rectangular lattice, while for HMFTN-II, the system is also more compactness than that of the rectangular lattice.
IV. MINIMUM EUCLIDEAN DISTANCE
The practical Euclidean distance analysis of MFTN signaling system is a sophisticated work, and in this section we will follow the general principles presented in [10] , [12] , [13] . Since MFTN signaling is essentially a linear modulation scheme, the Euclidean distance can be described by mistaking a transmitted matrix A 1 for some other matrix A 2 , which is
where E = A 1 − A 2 is the error event matrix. For QPSK (or 4QAM) modulation, the error symbol alphabet becomes e = [±2 ± 2j, ± 2, ± 2j, 0]. In order to characterize the minimum Euclidean distance performance, the 2-D Mazo limit is formally defined as follow. 
with ε > 0. In general, the minimum Euclidean distance can be calculated by using (7) directly and exhausting all the possible error events for given (τ, υ). However, this may beyond our compute ability since there are too many error events to be exhausted. For example, for a 4 × 4 error event matrix, theoretically, at least 9 16 error events will need to be exhausted to search the minimum Euclidean distance for per (τ, υ). Moreover, as it was pointed in [12] , [13] , the start time of the error event may also contribute to the ultimate distance. Consider aN ×K error event matrix E, and let T r be the r step delay operator for matrixes, which is defined as
Hence, the practical minimum distance of an error event should be calculated as
For the rectangular MFTN, the practical Euclidean distance calculation can refer to [10] and [13] , and in this section, we will mainly focus on the calculation of the Euclidean distance for HMFTN-II.
For the notation convenience, the transmitted signal in HMFTN-II (6) can be expressed as
where δ l = 1 2 mod (l, 2).
According to (7) and (8), the Euclidean distance of an error event E delayed r steps can be computed as (10) at the bottom of next page and φ = rτ υ is the phase offset. Note that, (10) is different from that in [12] , [13] , and for rectangular MFTN and HMFTN-I, the period of φ is 1, while for HMFTN-II described in (10), it will be 4. Hence, the complexity in calculating the Euclidean distance of HMFTN-II will be higher than that of other two signaling schemes.
The distance may also exhibit different proprieties for different signaling schemes. For example, for a roll-off factor β = 0.3 root raised cosine (RRC) pulse and τ = 0.7, υ = 0.62, consider the following error event matrix [12] 
The distance versus phase offset φ for different signaling schemes is shown in Fig. 4 . As we can see that for given error event matrix E, the distance for rectangular lattice and HMFTN-I is a sine function of the phase offset φ, however, this will not be the case for HMFTN-II. Now, let's turn to the 2-D Mazo limit performance for the three MFTN signaling schemes. According to [13] , for MFTN signaling system, the critical error events, i.e. the error event which leading to d min , are typically of sizeN ×K = 3×3 or smaller. Hence, the search of the minimum Euclidean distance are over error events out of size 4×4 (we remark that larger size of error event matrix E will result in more accurate distance estimation, however, it is at the price of greatly increased computational complexity), and all the possible error event matrix with size 2 × 2, 2 × 3, 2 × 4, 3 × 3, 4 × 4 or the reverses are considered. The 2-D Mazo limit of MFTN with Gaussian pulse, 1 i.e.
is shown in Fig. 5 (a) and RRC pulse in Fig. 5(b) . As it can be seen that the hexagonal lattice could obtain better 1 The Gaussian pulse has been widely employed in multicarrier transmission systems due to its approximate optimal time-frequency localization, see [15] , [16] for Nyquist multicarrier transmission systems as well as [13] , [14] for MFTN signaling system. minimum Euclidean distance than conventional rectangular lattice. Moreover, although it seems that the HMFTN-II has the poorest Mazo limit, the signaling efficiency of HMFTN-II is higher than that of other two lattices. Hence, when under the same signaling efficiency, these two hexagonal MFTN may all outperform the conventional rectangular MFTN.
V. LOW COMPLEXITY DETECTION
In term of the practical detection of MFTN signals, MAP equalization, such as Bahi-Cocke-Jelinek-Raviv (BCJR) algorithm [17] and Viterbi algorithm (VA) [18] , [19] , combined with successive interference cancellation (SIC) is widely employed in the pioneering works of MFTN, see [13] and the references therein, so that the ISI/ICI-free BER performance can be or asymptotically approached. Although owns attractive error performance, the computational complexity of MAP equalization is prohibitive especially for the case of high order modulations and long channel memories. Hence, we will mainly consider the low complexity memoryless symbol-by-symbol detector in the following parts of this paper.
For the sake of simplicity, assume we want to detect the l 0 -th symbol on the k 0 -th subcarrier, then, for conventional MFTN signaling system (it will be the same for the hexagonal MFTN), (4) can be rewritten as
where we used 
In general, the ISI and ICI can be modeled as a zeros-mean Gaussian process with power spectral density (PSD) E I and independent of the additive noise. With the above assumption, the received signal becomes
where η l 0 ,k 0 is the equivalent interference noise with variance N 0 + E I , and
where g l,k = g(t − lτ T 0 )e j2π kυF 0 .
Since the serious ISI and ICI among MFTN symbols and may result in performance degradation if not dealt with appropriately, the soft interference cancellation (SIC), which mainly intended for multi-user detection [20] , and further exploited in [1] and [14] will also be considered in the detector.
To perform the SIC, the statistics mean valueā l,k = E(a l,k ) and variance v l,k = Cov(a l,k , a l,k ) of the symbol a l,k are needed. Since a l,k are assumed to be i.u.d, hence, in the initial stage, the priori soft information is L(a l,k ) = 0, ∀l, k and yieldsā l,k = 0 and v l,k = 1. Then, for general L(a l,k ), thē a l,k and v l,k are obtained as follows
where the complex values a (i) , i = 0, . . . , M − 1 denote all the constellation symbols belong to the M -ary alphabet, and P(a l,k = a (i) ) is the probability that a l,k = a (i) , and can be calculated according to the priori information and the mapping rule from bit to symbol. With the priori mean and variance of every symbol, the inference can be approximately evaluated and removed from the received samples, i.e.
Then, the symbol probability P(a l 0 ,k 0 = a (i) ) is computed as
Given the priori information from the decoder, (16)-(19) can be iterate performed for several times, and which we will call it the inner iteration, as for the iteration between SIC and the decoder, we will call it the outer iteration.
VI. SIMULATION RESULTS
In this section, we conduct the numerical simulations to validate the BER performance of MFTN based on different lattice structures. Specifically, the Gaussian pulse with σ = 1 and RRC pulse with roll-off factor β = 0.3 have been employed. Moreover, the number of subcarriers is K = 80, VOLUME 5, 2017 a random interleaver with length 12800 is concatenated to the rate 1/2 (7, 5) 8 convolutional encoder. In addition, the number of inner iterations is 3 and the outer iterations is 10. Furthermore, to make fair comparisons between different lattices, the frequency packing factor of rectangular MFTN and HMFTN-I is all set to be half to that of the HMFTN-II, i.e. the same signaling efficiency ρ and similar amount of ISI and ICI introduced by time-frequency packing. Fig. 6 (a) and Fig. 6(b) show the BER performance of MFTN signaling system based on different lattices when employed with RRC pulse and Gaussian pulse, respectively. From Fig. 6(a) , we can see that when ρ = 2 symbols/s/Hz, there is a big SNR gap between conventional rectangular MFTN and the ISI/ICI free performance bound for τ T 0 = 1, υF 0 = 0.5, and there is a BER floor for conventional rectangular MFTN under high SNR region. This is due to that since the symbol-by-symbol receiver is essentially a memory-less detection scheme, the ISI and ICI may not be completely removed even with large number of iterations. However, the BER performance has been substantially improved by the hexagonal MFTN signaling scheme, and when E b /N 0 > 6dB, the ISI/ICI free performance bound can be asymptotically approached. On the other hand, when the signaling efficiency is further increased to ρ = 2.22 symbols/s/Hz, i.e. more serious ISI and ICI, all the three MFTN signaling systems suffer from a BER performance degradation, and this amount of ISI and ICI may beyond the ability of the adopted receiver model. However, the proposed hexagonal MFTN still greatly outperforms conventional rectangular MFTN signaling scheme. Similar phenomenon also can be found in Fig. 6(b) , but differently, when cooperated with Gaussian pulse, the advantage of hexagonal MFTN than conventional rectangular MFTN can be further improved. Hence, all in all, the numerical results demonstrate that the hexagonal MFTN is more robust against the ISI and ICI introduced by time-frequency packing than conventional rectangular MFTN signaling scheme.
VII. CONCLUSION
In this paper, we investigated the MFTN signaling system based on hexagonal lattice. Due to the ISI and ICI introduced by time-frequency packing, the hexagonal lattice instead of conventional rectangular lattice should be the optimal lattice for MFTN signaling system. The two dimensional Mazo limit of different MFTN signaling schemes have been analyzed firstly, and it was shown that the Mazo limit of hexagonal lattice is better than conventional rectangular lattice. Moreover, a low complexity symbol-by-symbol receiver has been employed to recover the MFTN signals. Numerous simulation results further validated the practical BER performance advantage of hexagonal MFTN than conventional rectangular MFTN signaling scheme. In the future, more attentions should be paid to the hexagonal MFTN, especially the low complexity implementation and practical gains of spectral efficiency.
